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General Instructions

* Reading time - 5 minutes.

* Working time - 3 hours.

*  Write using black or blue pen.
Diagrams may be drawn in pencil.

» Board-approved calculators may be
used.

* Atable of standard integrals is
provided at the back of this paper.

* Show all necessary working in
Questions 11-16.

e Start each question in a separate
answer booklet.

e Put your student number on each
booklet.

Total marks - 100

10 marks
e Attempt Questions 1-10
¢ Allow about 15 minutes for this section

Section |1

90 marks

* Attempt Questions 11-16. Each of these six
questions are worth 15 marks

e Allow about 2 hour 45 minutes for this
section



Section |

10 marks
Attempt Questions 1 — 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10

2 2
1 Consider the hyperbola with the equation A Y
144 25
What are the equations of the directrices?

25 144
A =+t— B =t—

(A) y=*3 B T

25 144

C =+t— D =t—

©) ¥=42 (D) «x 3

2 2
2 The points P(acos#, bsin@) and Q(acosg, bsing) lie on the ellipse %+%=1 and the chord

PQ subtends a right angle at . Which of the following is the correct expression?
b’ a’
(A) tanftan g =—— (B) tan@tanq):—?
a
b’ a’
©) tan 6 tan ¢ = — (D) tan O tan ¢ = o
a

3 Whatis —/3 +i expressed in modulus-argument form?

(A) N2 (cosg +isin E) (B) 2(cos€ +isin E)
5t . . 5S¢ St . . 5m
©) 42(c03?+ |S|n?) (D) 2(cos?+ isin E)

4 Consider the Argand diagram below.

Which inequality could define the shaded area?

(A) ‘Z—ﬂﬁﬁ and OSarg(z—i)g%

(B) ‘Z—ﬂﬁﬁ and OSarg(z+i)g%
(€ |z-1/<1 and OSarg(z—i)g%
(D) |z-1<1 and 0§arg(z+i)g%
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5 The diagram shows the graph of the function y = f(x).

Which of the following is the graph of y =4/ f(x) ?
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6 The diagram shows the graph of the function y = f(x).

Which of the following is the graph of y = ! ?
f(x)

(A) (B)

(©) (D)
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7 Which of the following is an expression for J'

B S
N7 —6x—x*

(A) sin_l(x;3j+c (B) sin_l(x;3j+c
(C) sin_l(x;3j+c (D) sin_l(x13j+c

?

;dx.
VxP—6x+10

8 Which of the following is an expression for J

(A) In{x—3—+/x*=6x+10| +c¢
(B) In{x+3—+/x*—6x+10| +cC
(@) In{x —3++/x*—6x+10| +cC
(D) In{x+3++/x*—6x+10| +c¢

9 The equation 4x*—27x+k =0 has a double root.
What are the possible values of k?

A) +4
(B) +9
©C) 427
81
©  +

10 Given that (x — 1)p(x) = 16x> — 20x> + 5x — 1, then if p(x) = (4x* + ax — 1)?, the value of a is:
(A) 1

(B)
(©)

2
|
2
(D) 0
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Section 11

90 marks

Attempt Questions 11 — 16

Allow about 2 hours and 45 minutes for this section
Answer each question in a new answer booklet.

All necessary working should be shown in every question.

Question 11 (15 marks)  Start a new answer booklet Marks
(@) Using the substitution u = ¢* + 1 or otherwise, evaluate
1 X
o, L+e")
. 1
(b) Find j dx. 1
xInx

(©) Q) Find a, b, and c, such that

16 ax + b c
> == + . 2
(x> +4) (2-x) x +4 2—x

(i)  Find J 16 dx. 2
o +4) 2—x)

(d) Using integration by parts ONLY, evaluate

J; sin” x dx. 3

(e) Use the substitution ¢ = tang to show that :

| e =y (). 4
o 4sin@ —2cosf +6 2 2
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Question 12 (15 marks)  Start a new answer booklet Marks

(@) Given z = V3 +'l :
1+
Q) Find the argument and modulus of z . 2
(i) Find the smallest positive integer n such that z" is real. 1

1
(b)  The complex number z moves such that Im{_ } =2,
z —1

Show that the locus of z is a circle. 2

(©) Sketch the region in the complex plane where the inequalities

|z+1-i|<2 and O<arg(z+1-i)< 377: hold simultaneously. 3

(d) Find the three different values of z for which

Question 12 continues on the next page .......
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(e) The locus of the complex number Z, moving in the complex plane such that

arg(Z — 2\/5) —arg(Z - 2i) = % is a part of a circle.

The angle between the lines from 2; to Z and then from 243 to Z is «, as shown
in the diagram below.

(i) Show that o = % .

(i) Find the centre and the radius of the circle.
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Question 13 (15 marks)  Start a new answer booklet

@) Consider the polynomial equation

x*+a+bx’+cx+d=0

where a, b, ¢, and d are all integers. Suppose the equation has a root of the form

x = ki, where k is real, and k& # 0.

(i)

(i)

(iii)

(iv)

() ()

(i)

(iii)

(iv)

State why the conjugate x = —ki is also a root.

Show that ¢ = k*a.

Show that ¢* + a’d = abc.

If x=2isalso a root of the equation, and » =0,
show that d and c are both even.

Solve z° +1=0 by De Moivre’s Theorem, leaving your solutions in
modulus-argument form.

Prove that the solutions of z*— z® + z2 — z + 1= 0 are the non-real
solutionsof z° +1=0.

Show that if z* — z* + 22 =z +1=0 where z = cis 0 then
4c0s°0 — 2c0s0 —1=0.

. 1 1
Hint: 2'-2°+22-2+1=0=2"-z+1--+=-=0
7z

Hence, find the exact value of sec%z.

HAHS Extension 2 Trial HSC
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Question 14 (15 marks)  Start a new answer booklet Marks

(@) (i)

(i)

(iii)

() ()

(i)

(iii)

Determine the real values of A for which the equation

2 2
Y+ Y =1 defines
4-4 2-1
(o) an ellipse 1
(B) ahyperbola 1

Sketch the curve corresponding to the value A =1, indicating the

positions of the foci and directrices and stating their coordinates
and equations respectively. Also mark any axes intercepts on your
diagram. 3

Describe how the shape of this curve changes as A increases from 1
towards 2. What is the limiting position of the curve as 2 is approached? 3

Show that the equation of the normal to the hyperbola xy = ¢* at

P(Cp’%) is px - py =c(p*-1). 2

The normal at P(cp,ﬁ) meets the hyperbola xy = ¢* again at
p

0(cq,$). Provethat p*q = —1. 2
q

Hence, show that the locus of the midpoint R of PQ is given by
c2(x*—y?)* +4x’y* =0. 3

HAHS Extension 2 Trial HSC 11



Question 15 (15 marks)  Start a new answer booklet Marks

(@)

(b)

24
X +4

Given below is the graph of f(x)=3-

Use the graph of y = f(x) to sketch, on separate axes, the graphs of

i r=[ro]

(i) y=+4/()

(i)  y=/(x)

Each graph should be at least one — third of a page in size.

Consider the curve that is defined by 4x*> —2xy+ y* —6x=0

()  Showthat & =3=4*y

dx y—X

(i) Find the coordinates of all points where the tangent is vertical.

Question 15 continues on the next page
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(©) A solid is formed by rotating the area enclosed by the curve x* +y* =16 through one
complete revolution about the line x=10.

(i) Use the method of slicing to show that the volume of this solid is

4
V= 407:J 16— dy
-4

(i) Find the exact volume of the solid.

HAHS Extension 2 Trial HSC
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Question 16 (15 marks)  Start a new answer booklet

(@)

(b)

(©)

2

Let £(x) =(1—%)—cosx
(i) Show that f(x) is an even function.
(i) Find expressions for f“(x) and f”(x) .

(iii)  Deduce that /"(x) < 0forx>0.

2
(iv)  Hence, show that cosx > l—x?.

(i) Use the principle of mathematical induction to prove that

(I+x)">14+nx for n>1 and x>-1

. 1Y 1
(i) Hence, deduce that | | —— | >— for n>1.
2n 2

B

N
D Av X
In the diagram above, AB = AD = AXand XPL DC.

(i) Prove that ZDBX =90°

(ii) Hence, or otherwise, prove that 4B = AP.

HAHS Extension 2 Trial HSC
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STANDARD INTEGRALS

! 1 .
Jx dx =—x", nz-1;x20,if n<0
n+l
1
J— dx =lnx, x>0
X
ax 1 ax
Je dx =—e™, az0
a
1 .
Jcos ax dx =—sinax, a#0
a
) 1
Jsmax dx =-—cosax, az0
a
) 1
Jsec ax dx =—tanax, a#0
a
1
Jsecaxtanax dx =—secax, a#0
a
1 1 X
J —dx =—tan' =, a#0
a +x a a

. X
=sin —, a>0, -a<x<a

1
——d.
J [a2_x2 X a

Jﬁdx :ln(x+\/x2—a2)x>a>0

Jﬁdx :ln(x+\/x2+a2)

NOTE: Inx=log,x, x>0

HAHS Extension 2 Trial HSC
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Year 12 Mathematics Extension 2

Section | - Answer Sheet

Student Number

Select the alternative A, B, C or D that best answers the question. Fill in the response oval completely.

Sample: 2+4= (A) 2 (B) 6 (C) 8 (D) 9
AO B@®@ cO DO

= |If you think you have made a mistake, put a cross through the incorrect answer and fill in the new
answer.

A@®@ B@® cO DO

= |If you change your mind and have crossed out what you consider to be the correct answer, then
indicate the correct answer by writing the word correct and drawing an arrow as follows.

correct
g
A@ B@® CcO DO

1. AO BO cO DO
2. AO BO cO DO
3. AO BO cO DO
4. AO BO cO DO
S. AO BO cO DO
6. AO BO cO DO
7. AO BO cO DO
8. AO BO cO DO
9. AO BO cO DO
100. AO BO cO DO

HAHS Extension 2 Trial HSC 17






2012 X2 Trial HSC ~ Multiple Choice Answers

b>=a’(e’ -1) a’ =144 and b* =25.
25=144(* - 1) a=12 b=5
(ez—l):g or e’ _169 ore:E
144 144 12
. . . 144
Equation of the directrices are x = +9= i? : (D)
e

POQ is a right-angled triangle. Therefore OP*> +00* = PO’.

a’cos’ @ +b’sin” @ + a®cos® ¢ + b”sin’ ¢ = a*(cos @ — cos ¢)* + b*(sin O — sin¢)?
a’(cos’ 6 +cos’ ¢) + b*(sin® @ +sin® ¢) = a’(cosO — cos¢)* + b*(sin@ — sin¢)?
Hence

0 =-2a’cosfcos¢ — 2b*sinPsing

2b*sin@sin¢ = —2a*cosHcos¢

singsing _ —2a’ a’

cosOcosp  2b? or tangtang = b

(B)

tant9:L
-3
o=""
6
r2=x2+y2
=3y +1°
r=2

-3 +i:2(cos%+isin%) (D)



4.

|z — 1| <\2 represents a region with a centre is (1, 0) and radius is less than or equal to V2.

O<arg(z+i)< % represents a region between angle 0 and % whose vertex is (—1,0) not

including the vertex .. |z —1| < V2 and 0<arg(z+i) < % (B)

©

(©

1
dx = dx (D)
'|‘\/7—6x—x2 '|‘\/16—9—6x—x2

==j\/16—(x+3)2 *

) _1(x+3J
=sin" | —— |+c¢
4




10.

dx _ dx dx

Ix/x2—6x+10 _Jx/x2—6x+9+1 :\/(X_3)2+1
:1n(x—3+ (x—3)2+1]+c

:1n(x—3+\/x2—6x +10) +C

Let P(x)=4x’-27x+k
P'(x)=12x* =27

Let o be the double root.

Hence P(x)=0 and P'(ax)=0

When P'(a) =0 then 120> =27=0

o’ =

+ K|

3

2

When P(a)=0 then 40’ —27a+k=0
k=270-40a’

=a(27-40)

o=

—+3(27-4x2)
2 4

=127

(x—1)(4x? + ax~ 1)2 =16%° — 20x° +5x — 1
Letx =2, 1(15+2a) =16.2°~20.2° +5.2~1=361

~.15+2a=+19
s.2a=-15+19=40r-34
sa=2or-17.

(©

(®)

(B)



Year 12 Mathematics Extension 2 Trial HSC Examination 2012
Question 11 Solutions and Marking Guidelines

Outcome Addressed in this Question
ES8 applies further techniques of integration, including partial fractions, integration by parts and

recurrence formulae, to problems

Part Solutions Marking Guidelines
@) 1 Award 3
e” » N Correct solution.
dx u=e" +1=du=e"dx
0 (1+ € ) Award 2
e+l Substantial progress towards
_(du solution.
)
2 Award 1
1T Attempts to manipulate
= U integrand and find primitive.
2
-1 [1
e+l 2
11
2 e+l
Award 1
(b) J dx u=Inx=duy=—-2 Correct solution.
xInx X
du
u
=lnu+c
=In(Inx) +c
c) (i) 16 = (ax +b)(2- x)+c(x2 +4) Award 2
Correct answers for a, b and c.
X=2=16=8c..c=2..... @
x=1=16=a+b+10..a+b=6.....(2) Award 1
X=0=16=2b+8 - b=4 . 3) (()Zro;rect answers for two of a, b
) >(@2)=a=2 '
(ii)

16
dx
J’x2+4(2—x)
J[2x+4 de
X“+4 2-X
J( 2X 2 jdx
NG +4 NG +4 X—2

= In(x* +4)+2tan" (2) 2In(x-2)+c

Award 2
Correct solution.

Award 1
Substantial progress towards
solution.




(d)

(€)

1 1
jsin‘lx dx= Il.sin‘lx dx
0 0

1—x?

1
= [xsin‘1 x}; - Jx. L dx
0

(NIEY

j do
4sin@—2cosO +6
0

1

2dt
1+1?
2
2t _2X1—t
1+1t? 1+t?

1
_J‘ 2dt
8t +8t+4

0

4 x +6

~

1| dt

A8
N~ ©

N |+

[tan‘l (3) —tan™ (1)]

tant{ =1
- (1ext
tanl{lj
2

N, Nl NP
r

Award 3
Correct solution

Award 2
Substantial progress towards
solution

Award 1
Attempts to use integration by
parts

Award 4
Correct solution

Award 3
Substantial progress towards
solution

Award 2
Limited progress towards
solution

Award 1

Attempts to use manipulate
integrand and determine
primitive




Year 12

Mathematics Extension 2

Trial HSC Examination 2012

Question 12

Solutions and Marking Guidelines

Outcome Addressed in this Question

E3 uses the relationship between algebraic and geometric representations of complex numbers

Part Solutions Marking Guidelines
(a) (1) 3 +i Award 2
= - Correct answers.
I+1
argz = arg \/§+i)»arg(l+i) Award 1
Substantial progress towards
_r_r solution or only one correct
6 4 answer
__T
12
7=
% [ 7)) Award 1
i _ :
(i) 2= \/ECISL_E J Correct solution.
2
= (\/5) cis (—72')= —2°=—-64
sn=12.
(b) 1 Award 2
Im 7_il| 2 Correct solution.
Letz =Xx+1y Award 1
1 1 Substantial progress towards
Z-i Xx—iy—i solution.

_ 1 x+|(y+1)
—|(y+1) x+|(y+1)
_ x+|(y+1)

m{;}:z B o)

Z—1

.'.y+1:2x2+2(y+1)2:2x2+2y2+4y+2
2X3 42y’ +4y+2-y-1=0

2x2+2[y2+3—y+2\—1:0
16/ 8

X+ +3\ L
Sy

.. The locus is a circle




(c)

(d)

(e) (i)

1+i
="+

V2
_ 1. 1.

N
=1.cis[%+2kn}

Zzlcis(£+2k—”}
12 3

k=0:>z=cis£
12

k=1:>z=cis9—ﬁ=cis—
12 4

| 7x)

k=2:>Z=CiSI7—7[=CIS -—
12 k 12

Let arg(Z —2\/§) =p
Let arg(Z-2i)=y
(‘produce ray to X axis to create triangle arguments mearured to positive X axis)
arg(Z —2\/§)—arg(Z =2i)=p-y
= (Exterior Angle of triangle)

T

3

Award 3

Correct region shaded, with
centre of circle and angular
region clearly indicated.
Exclusions must be shown.

Award 2
Substantial progress towards
solution.

Award 1
Limited progress towards
solution.

Award 3
Correct solution.

Award 2
Substantial progress towards
solution.

Award 1
Limited progress towards
solution.

Award 2
Correct solution.

Award 1
Substantial progress towards
solution.




(ii)

Let H be the centre of the circle.
BA'+2 = (243 )2
..BA=4

N

ZAHB =2 (Angle at centre is twice angle at the circumference )

ZAHM =

2

3
z
3
V4
AH 6

=cos— (MH is the perpendicular bisector of BA )

.. AH (radius) :i

B
1DBA=%=1HAM
".HA| DB

4
Centre=| —,2
&)

(x coordinate length is the radius as the radius is perpendicular to the tangent
at (0,2) and the centre height is 2 the value at the y axis)

Award 2
Correct solution.

Award 1
Substantial progress towards
solution.




Year 12 Mathematics Extension 2 Trial HSC Examination 2012

Question 13 Solutions and Marking Guidelines

Outcome Addressed in this Question

E4 uses efficient techniques for the algebraic manipulation required in dealing with questions such
as those involving polynomials.

Part Solutions Marking Guidelines
@) (i) The coefficients are real. Award 1
By the conjugate root theorem, x =—Kki is also a root. Correct explanation.
(ii) -\ :\3 \2 , _ Award 2
(k') +a(k|) +b(k') +C(k')+d =0 Correct solution.
k* —ak®i—bk®+cki+d =0
4 _hK? _iflar3 _ Award 1
(k bk* + d) |(ak Ck) =0 Substantial progress towards
Equating imaginary parts, solution.
ak®*—ck =0
k(ak2 - c) =0
k= O(WhiCh isnota solution)
or
~.c=ak’
(iii) Equating real parts, ,éxwarolt 2 i
orrect solution.
k*—bk®+d=0
¢\ c Award 1
21 b 21" d=0 Substantial progress towards
) solution.
¢ id=0
a a
2 +da?
c ab(Z: da -0
a
~.c®—abc+da’=0
~.c?+a’d =abc
(iv) Substitute x = 2, Award2
16+8a+2c+d =0 Correct solution.
ie.d :—16—8a—2c:2(—8—4a—2) Award 1
- d is even Substantial progress towards
B solution.
Substitute b = 0 into ¢® + a?d = abc
c’+a’d=0
Since d is even, c? is even.
Since ¢? is even, then ¢ is even.




(b) (i)

(ii)

(iii)

(iv)

5

A CIS(ﬂ: + 2k7r)

L= C|s[n+2k”]

ie. z:c.s[ +20r ],cis(n+z.m}ci{n+§,z.n]’cis(n+§.3.n)‘cis[n+§.4ﬁj
Jol 3 Sl ()
o)t

ol e el

1
Q,
[

1
Q,
17
I R

gy oy vy

1
Q,
[z

25+l:(z +1)(z4—z3+zz—z+1)

The only real root isz = -1

From (i), the other roots must be the solutions to z* —z* +z° —z+1=0
' -2*+7°-1+1=0
becomes

7’ -z +1—%+Z—12 =0 (dividing through by 22)

—(z+z‘l)+1=0

~.2€0s20—-2c0s0+1=0

Using the result z" +z™" = 2cosn@ (Where Z=c0s0 + isine)
ie. 2(2c0s?0~1) - 20080 +1=0

. 4c0s’6—2c0s0—-1=0

20+

. 3. )
z :CIS€ isasolutionofz* — 23 +z2-z+1=0

0= %ﬂ is a solution of 4cos?0—2cos60—1=0
~(-2)
cosO =
_2++20
8
1445
4

(-2) -4.4.-1
2.4

But cos%ﬁ <0= sec%ﬂ <0

3r 4 (
“SeC— = —F==— 1+\/§)
5 1-5

Award 2
Correct solution.

Award 1
Substantial progress towards
solution.

Award 1
Correct explanation.

Award 3
Correct solution.

Award 2
Substantial progress towards
solution.

Award 1
Limited progress towards
solution.

Award 2
Correct solution.

Award 1
Substantial progress towards
solution.




Year 12

Mathematics Extension 2

Trial HSC Examination 2012

Question 14

Solutions and Marking Guidelines

Outcomes Addressed in this Question

E3 uses the relationship between algebraic and geometric representations of conic sections
E4 uses efficient techniques for the algebraic manipulation required in dealing with questions such
as those involving conic sections

Part Solutions Marking Guidelines
(@) (iYoo) | 4—A>0and 2-4>0 Award 1
“Al<dand 1<2 Correct answer.
Hence, 4 < 2.
(MHPB) | 4-21>0and 2-1<0 Award 1
or Correct answer.
4—-A<0and 2-1>0
Hence, 2 < 1 < 4.
(Not possible to have 4 <2 and 4 > 4)
> 2 2
(i) 1-1-2.Y 4 Award 3
3 1 Correct graph, with foci,
) b> 1 2 7 directrices and intercepts with
e =1- 2 = 1—5 =3 = €= 3 axes clearly indicated.
Foci = (iae,O): (i\/E,O) Award 2
Correct graph, with any two of
Directrices: X = + & = + 3 foci, directrices and intercepts
e 2 with axes indicated.
Award 1
Correct graph, with only one of
foci, directrices and intercepts
with axes indicated.
(111) As A increases from 1 to 2, 4 — A decreases from 3 to 2 | Award 3

while 2 — A decreases from 1 to 0.
The curve remains an ellipse with the semi — major axis
reducing from \/g to \/E and the semi — minor axis from

1to 0.
As 2 is approached, b — 0, the ellipse becomes a line

segment joining (—\/E,O)to (\/5, 0)

Correct solution with all
reasoning provided.

Award 2
Solution with substantial
reasoning provided.

Award 1
Solution with limited reasoning
provided




(b) (1)

(if)

(iii)

(iv)

Xy =C
CZ
y==
dy_ ¢
dx_ x>

2

cldy_ ¢ 1
AtPLCp, J dX (Cp)z_ p2
1

0

2

tangent -

normal = p

Equation of normal is

y—%=p2(X—Cp)
py—c=p’(x—cp)
SopPX— py:cp“—c:c(p“—l)

c_c ca-cp
P9 __pg 1

m =
P cp—cq cp-cq  pq

c C(
Letx = 5(p+q)andy: ELWJ

*(M)

c(p+q\
2% pq

From (i) pg = ——

B _c(y xz\
2l
Square both sides,
4y* =¢? >< __A
4y’x¢ = —¢? (XZ _ yzj

Ay + (Xz_ yzj _

2‘\2

)

Award 2
Correct solution.

Award 1
Substantial progress towards
solution.

Award 2
Correct solution.

Award 1
Substantial progress towards
solution.

Award 3
Correct solution.

Award 2
Substantial progress towards
solution

Award 1
Limited progress towards
solution
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Mathematics Extension 2

Trial HSC Examination 2012

Question 15 Solutions and Marking Guidelines
Outcomes Addressed in this Question
E6 combines the ideas of algebra and calculus to determine the important features of the graphs of a

wide variety of functions

E7 uses the techniques of slicing to determine volumes
Part Solutions Marking Guidelines
(a) (i)
Award 2
Correct graph.
Award 1
Substantially correct graph.
(ii)
Award 2
Correct graph.
Award 1
Substantially correct graph.
Award 2
Correct graph.
(i) Award 1
Substantially correct graph
(b) (i) 4x* —2xy+y’ —6x=0 Award 2
Implicit differentiation yields Correct solution
8x—2x@—y.2+2yﬂ—6=0 Award 1
ddx y dx Substantial progress towards
ax—xZ 1% 5. solution
dx dx
dy
- X =3—-4x+
(y )a Y
dy _3-4x+y
dx y—X




(i)

© ()

If the tangent is vertical, % 1s undefined.
X

Ly—x=0=>x=y

Substitute into the equation of the curve
4x* —2xx+x"—6x=0

3x*—6x=0

3x(x-2)=0

sx=0orx=2

.. Points where tangents are vertical are

(0,0)and (2,2)

Slices are taken perpendicular to the axis of rotation
(x=10). The base is an annulus.

A=n(R>—7r?)
=n(R+r)(R-r)

Now
r=10—x and

=10—4/16 -’

Area of the annulus is
A=n(R+r)R-r)

= (104416 37 +10= /16— y)(10+4/16— > =10 +4/16— )
= 1(20)(2{16— %)
= 40716 — y*

AV:407r«/16—y2 Ay
4075\/16 h% Ay
Ay—)O

J 40716 — y dy
=407rJ V16— 32 dy
-4

R=10+x

=10+4/16—*

V= lim

Award 2
Correct solution.

Award 1
Substantial progress towards
solution.

Award 3
Correct solution.

Award 2

Correctly calculates the area of
the annulus and attempts to
determine the volume.

Award 1
Attempts to calculate the area of
the annulus.




(i) o4
16— 1% dy is the area of a semicircle with a radius | Award 2
J-4 Correct answer.
of 4.
4 \/72 1 5 Award 1
16—y dyZEXﬂX“ Using area of semi circle or
v—4 appropriate integration.
=8
4
V= 407:_" 16— dy
-4

=40 X 81

= 32072 unit®




Year 12

Mathematics Extension 2

Trial HSC Examination 2012

Question 16

Solutions and Marking Guidelines

Outcomes Addressed in this Question

E2 chooses appropriate strategies to construct arguments and proofs in both concrete and abstract
settings
E9 communicates abstract ideas and relationships using appropriate notation and logical argument
Part Solutions Marking Guidelines
(a) (i) (x)’ Award 1
fO)=|1- > —cos(x) Correct solution.
— v)2
f(—x)=|1- %j —cos(—X)
(x)°
f(x)=|1- ]—cos(x) as Y = cos Xis an even function
R TCIERTEY)
. f(X) is an even function.
(i) f(x) = (—ﬁj —(~sin X) = sin X — X Award 2 _
2 Correct expressions for
f"(x)=cosx—1 f'(x) and "(x)
Award 1
Only one of f'(x) or f”(x)
correct
(i) | f7x)<0 forx>0 Award2
Correct solution.
because —1<cosXx <1, hence, cosx—1<0
This means that f'(X)is an decreasing function forx>0. | Award 1
f'(0)=0 .. f'(x)<f'(0) Substantial progress towards
ie. f'(x)<0 solution
(iv) Since £(X) < 0 then f (x) < f (0) for X > 0, Award 2

f(0)=0

S F(X)<0forx>0

But f (X) is an even function
LX) <0 forx<0

. T(x) <0 for all x

2
cosx—(l—x—]£0
2

X2
S.COSX LS ——
2

Correct solution.

Award 1
Substantial progress towards
solution




() () Test the result for n=2 Award 3
) Correct solution.
(1+Xx)” >1+2x

1+2X+ x> > 142X Award 2

Since x> >0 the result is true for n=2 Attempts to prove the result true
for n=k+1

Assume the result is true for n=k (14 x)* > 1+kx

To prove the result is true for n=k +1 Award 1

i.e we want to establish that (1+ X)*"' > 1+ (k + )X Establishes the result for n=2

LHS = (1+x)*"

= 1+ x)(1+ x)

> (14 x)(1+ kx) Assumption for n =k
>1+kx + X+ kx? X >—1 hence (1+X)>0
>14+kx+ X kx* >0

>1+(k+1)x

= RHS

Therefore the result holds true for n=k +1

Hence the result is true for n>2 by mathematical
induction.

.o 1 1 = 1 i i
(ii) From part (i) with X = o (n>1 it satisfies x>—1) Award 1

1 1 Correct solution.
1-—)">I+nx——
2n 2n

1
>— for n>1
2
(©) (1) The circle through D, B and X has centre A, since Award 2
AD = AB = AX.

Correct solution with full
reasoning

Award 1
Recognises that D, B and X lie
on a circle centred at A.

Hence, DAX is a diameter.
Thus, ZDBX =90° (angle at circumference in semi-

circle equals 90°).

(if) By the converse of the angle in a semicircle, since Award 2
ZDPX is a right angle, the circle with diameter DAX Correct solution with full
also passes through P. reasoning

Hence AP = AB  (radii). Award 1

Argues that the circle with
diameter DAX also passes
through P without giving
reasons.
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